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1. Introduction
Let (Σ, g) be a compact, orientable Lorentzian surface immersed in a Lorentzian three-manifold M¯ . Then, it is well
known that Σ is homeomorphic to a torus (see [12]), and that M¯ admits closed timelike geodesics, see [10, Theorem 3.6].
Moreover, if Σ has constant curvature K , then K = 0, i.e. it is ﬂat.
The above properties motivate the study of Lorentzian ﬂat tori inside Lorentzian three-manifolds. The simplest examples
of such tori are the product tori γ × S1 inside a Lorentzian product space M × S1 with the standard product metric, where
M is a Riemannian surface, γ ⊂ M is a regular closed curve, and the S1 factor is timelike. More generally, we can consider
the geometric situation given by the following deﬁnitions:
Deﬁnition 1. Let M¯ denote a (connected) orientable Lorentzian three-manifold for which there exists a submersion π : M¯ →
M onto a Riemannian surface (M, g) with the following properties:
1. The vertical unit vector ﬁeld associated to π is a unit Killing timelike vector ﬁeld on M¯ .
2. The ﬁbers of π are timelike geodesics homeomorphic to S1.
In this situation M¯ will be called a Lorentzian Killing submersion.
The deﬁnition above is a natural generalization of the corresponding Riemannian concept appearing in [5,14]. Let us
point out that any product space M2 × S1 with the Lorentzian product metric such that S1 is timelike is an example of
a Lorentzian Killing submersion. So is the usual anti-de Sitter three-space of constant curvature −τ 2, which can be seen
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ﬁbration is non-trivial in the sense that the metric of H31(1/τ ) is not a product metric for this ﬁbration.
Associated to a Lorentzian Killing submersion, we will consider two important geometric functions κ, τ ∈ C∞(M¯). The
base curvature κ at p ∈ M¯ is deﬁned as the curvature of the Riemannian surface (M, g) at the point π(p). The bundle
curvature τ is deﬁned by the identity
∇¯Xξ = τ (X × ξ) ∀X ∈X(M¯),
where ξ denotes the vertical unit Killing ﬁeld, ∇¯ the Levi-Civita connection, and × the natural cross-product operation
associated to the submersion (see Section 2 for the details).
These two geometric quantities κ, τ encode many properties of the Lorentzian Killing submersion M¯ . For instance, if τ =
0, then M¯ is a Lorentzian product space M2×S1, while if both κ, τ are constant, then M¯ is a Lorentzian homogeneous three-
manifold (see [3,4,8] and references therein for properties of Lorentzian homogeneous three-manifolds). When κ + 4τ 2 = 0
and both κ, τ are constant, then M¯ has constant curvature −τ 2, and therefore corresponds to a quotient of L3 = (R3, 〈,〉 =
dx21 + dx22 − dx23), if τ = 0, or to a quotient of H31(1/τ ) if τ 
= 0.
Deﬁnition 2. Let M¯ be a Lorentzian Killing submersion, and let γ ⊂ M be an immersed closed curve in M . Then π−1(γ )
is a Lorentzian ﬂat torus in M¯ , which will be called a Lorentzian Hopf torus or simply a Hopf torus (see [1,2] and references
therein).
In the present paper we address the following uniqueness problem: are Hopf tori the only Lorentzian ﬂat tori inside a
Lorentzian Killing submersion? In this generality, the answer is negative. Indeed, in a previous joint work with Mira and
Pastor [9] we gave a complete classiﬁcation of the Lorentzian ﬂat tori in anti-de Sitter space H31 = H31(1), and it follows
from this classiﬁcation that there is a very large family of such tori in H31 which are not Hopf tori (see [6,7,15] for the
situation in the Riemannian sphere S3).
Also, if T2 = R2/Z2 is a Riemannian ﬂat torus and M¯ = T2 × S1 is its associated Lorentzian product space (thus, M¯ is
compact, ﬂat, and a quotient of L3 by three independent translations), then M¯ also admits Lorentzian ﬂat tori that are not
Hopf tori. To see this we only need to consider a suitable non-vertical timelike plane in L3 that projects to the quotient
space M¯ as a torus.
Nonetheless, our main result here proves that the above uniqueness property is certainly true in a large class of
Lorentzian Killing submersions:
Theorem 3. Let M¯ denote a Lorentzian Killing submersion with base curvature κ and bundle curvature τ . Assume that τ is constant,
and that κ + 4τ 2 never vanishes on M¯. Then every Lorentzian ﬂat torus in M¯ is a Hopf torus.
Observe that some condition on the sign of κ + 4τ 2 seems necessary. Indeed, if κ + 4τ 2 = 0 we get that M¯ is isometric
to some quotient of L3 or the anti-de Sitter three-space H31(1/τ ), and in these spaces the theorem does not hold, as we
explained previously. The hypothesis that τ is constant is a technical condition needed in the proof but which does not
exclude any of the most interesting Lorentzian Killing submersions (product spaces and homogeneous submersions).
Theorem 3 is motivated by our previous work [9], but is also inspired by a recent work by Torralbo and Urbano [16]
in the setting of Riemannian homogeneous three-manifolds. There, the authors show that in Berger spheres and the Lie
group SL(2,R), any ﬂat torus is a Hopf torus. The result is a consequence of an integral identity coming from the Bochner
formula. Theorem 3 can be seen as an extension of the Torralbo–Urbano result to the context of Lorentzian, not necessarily
homogeneous, three-dimensional Killing submersions.
The results in this paper are part of the author’s Ph.D. thesis.
2. Lorentzian Killing submersions
From now on, let M¯ denote a three-dimensional Lorentzian Killing submersion, and call π : M¯ → M its associated sub-
mersion onto the Riemannian surface (M, g). We will use 〈,〉 for the Lorentzian metric on M¯ , [,] for the Lie bracket and ∇¯
for the Levi-Civita connection.
The existence of a submersion π : M¯ → M induces a decomposition in X(M¯); a vector ﬁeld will be called vertical if it is
always tangent to ﬁbers and horizontal if it is always orthogonal to ﬁbers. For any X ∈ X(M¯), Xv and Xh will represent its
vertical and horizontal part respectively. We can also deﬁne the base curvature κ at a point p ∈ M¯ as the curvature of the
Riemannian surface (M, g) at π(p).
Since we are assuming M¯ to be orientable, we can consider a natural cross-product structure on X(M¯) so that, if
{E1, E2, E3} is a positively oriented global orthonormal frame (〈E1, E1〉 = 〈E2, E2〉 = 1, 〈E3, E3〉 = −1, 〈Ei, E j〉 = 0 for i 
= j),
then
E1 × E2 = −E3, E2 × E3 = E1, E3 × E1 = E2. (2.1)
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analogous result for Riemannian Killing submersions:
Proposition 4. Let π : M¯ → M be a Lorentzian Killing submersion and let ξ denote its associated vertical unit timelike Killing vector
ﬁeld. Then, there exists τ ∈ C∞(M¯) such that, for any X ∈X(M¯),
∇¯Xξ = τ (X × ξ). (2.2)
This function τ will be called the bundle curvature of M¯.
The proof of Proposition 4 is a simple modiﬁcation of the corresponding proof in the Riemannian case due to Espinar
and Oliveira [5, Proposition 2.6], and so we omit it.
Our next objective is to compute the sectional curvature K¯ of any non-degenerate plane Πp ⊂ T p M¯ . We start by consid-
ering {E1, E2, E3} a positively oriented global orthonormal frame so that E1 and E2 are horizontal and E3 = ξ .
Taking into account (2.2) we can compute:
∇¯E1 E1 = αE2, ∇¯E2 E1 = −βE2 + τ E3, ∇¯E3 E1 = −δE2,
∇¯E1 E2 = −αE1 − τ E3, ∇¯E2 E2 = βE1, ∇¯E3 E2 = δE1,
∇¯E1 E3 = −τ E2, ∇¯E2 E3 = τ E1, ∇¯E3 E3 = 0, (2.3)
where τ is the bundle curvature of M¯ and α,β, δ ∈ C∞(M¯). Therefore,
[E1, E2] = ∇¯E1 E2 − ∇¯E2 E1 = −αE1 + βE2 − 2τ E3,
[E2, E3] = ∇¯E2 E3 − ∇¯E3 E2 = (τ − δ)E1,
[E3, E1] = ∇¯E3 E1 − ∇¯E1 E3 = (τ − δ)E2. (2.4)
Let us now compute the components of the Riemann tensor R¯ of M¯ on the basis {E1, E2, E3}, that is, the functions
R¯ i jk = 〈R¯(Ei, E j)Ek, E〉 for i, j,k,  ∈ {1,2,3}. By the skew-symmetries of R¯ , those R¯ i jk with i = j or k =  vanish. In other
words, the Riemann tensor R¯ is completely determined by the following symmetric matrix:
A =
⎛
⎝
R¯1212 R¯1223 R¯1231
R¯2312 R¯2323 R¯2331
R¯3112 R¯3123 R¯3131
⎞
⎠ . (2.5)
Using (2.3) and (2.4) we get,
R¯(E1, E2)E3 = ∇¯E2 ∇¯E1 E3 − ∇¯E1 ∇¯E2 E3 + ∇¯[E1,E2]E3
= ∇¯E2(−τ E2) − ∇¯E1(τ E1) + ∇¯−αE1+βE2−2τ E3 E3
= −E1(τ )E1 − E2(τ )E2, (2.6)
R¯(E2, E3)E3 = ∇¯E3 ∇¯E2 E3 − ∇¯E2 ∇¯E3 E3 + ∇¯[E2,E3]E3
= ∇¯E3(τ E1) + ∇¯(τ−δ)E1 E3
= E3(τ )E1 − τ 2E2, (2.7)
and
R¯(E3, E1)E3 = ∇¯E1 ∇¯E3 E3 − ∇¯E3 ∇¯E1 E3 + ∇¯[E3,E1]E3
= −∇¯E3(−τ E2) + ∇¯(τ−δ)E2 E3
= τ 2E1 + E3(τ )E2. (2.8)
From (2.6) we deduce that R¯1231 = R¯3112 = −E1(τ ) and that R¯1223 = R¯2312 = E2(τ ). From (2.7) we obtain R¯2331 =
R¯3123 = E3(τ ) and R¯2323 = τ 2, while (2.8) gives R¯3131 = τ 2.
To compute R¯1212, observe ﬁrst that R¯1212 = K¯ (E1, E2), and note that the relation
K¯ (X1, X2) = K
(
π∗(X1),π∗(X2)
)− 3
4
〈[X1, X2]v , [X1, X2]v 〉 (2.9)
holds at any point p ∈ M¯ for any two horizontal vector ﬁelds X1, X2 ∈ X(M¯) (see Lemma 2 and Corollary 1 in [11]; the
result in [11] is stated in its Riemannian version, but the semi-Riemannian analogue is also true, as actually noted in [11]
M.A. León-Guzmán / Differential Geometry and its Applications 30 (2012) 42–48 45just after Corollary 1). Here, K¯ (resp. K ) is the sectional curvature of M¯ at p (resp. of M at π(p)). Thus, from (2.9) and
since E1, E2 are horizontal, we get
R¯1212 = K¯ (E1, E2) = κ − 3
4
〈[E1, E2]v , [E1, E2]v 〉
= κ − 3
4
〈−2τ E3,−2τ E3〉
= κ + 3τ 2.
Also, E3(τ ) = 0 by the skew-symmetries of R¯ . Summarizing, we have
A =
⎛
⎝
κ + 3τ 2 E2(τ ) −E1(τ )
E2(τ ) τ 2 0
−E1(τ ) 0 τ 2
⎞
⎠ . (2.10)
Proposition 5. Let M¯ be a three-dimensional Lorentzian Killing submersionwith constant bundle curvature τ . For any X1, X2 ∈X(M¯),
the sectional curvature of the plane generated by {X1, X2} at a given point is
K¯ (X1, X2) = κ + 3τ 2 + B(X1, X2)
Q (X1, X2)
(
κ + 4τ 2), (2.11)
with
B(X1, X2) = −
〈
Xh1, X
h
1
〉〈
Xv2 , X
v
2
〉+ 2〈Xh1, Xh2 〉〈Xv1 , Xv2 〉− 〈Xh2, Xh2 〉〈Xv1 , Xv1 〉,
and
Q (X1, X2) = 〈X1, X1〉〈X2, X2〉 − 〈X1, X2〉2.
Proof. Write
X1 = λ1E1 + λ2E2 + λ3E3,
X2 = μ1E1 + μ2E2 + μ3E3,
with λi,μi ∈ C∞(M¯). Then, we use the multilinearity of the Riemann curvature tensor R¯ to write 〈R¯(X1, X2)X1, X2〉 in terms
of the R¯ i jk with i, j,k,  ∈ {1,2,3}. As we have seen before, most of these terms vanish because of the skew-symmetries
of R¯ . Moreover, under the assumption that τ is constant, the matrix A given in (2.10) is diagonal. Hence, we have
〈
R¯(X1, X2)X1, X2
〉= A〈R¯(E1, E2)E1, E2〉+ B1〈R¯(E2, E3)E2, E3〉+ B2〈R¯(E3, E1)E3, E1〉
= A(κ + 3τ 2)+ (B1 + B2)τ 2 = A(κ + 3τ 2)+ Bτ 2, (2.12)
for some A, B, B1, B2 ∈ C∞(M¯) associated to X1, X2. Let us obtain now an expression for these functions in terms of the
products of the horizontal and vertical parts of the X1, X2:
A = λ1μ2λ1μ2 + λ2μ1λ2μ1 − λ1μ2λ2μ1 − λ2μ1λ1μ2
= (λ21 + λ22)(μ21 + μ22)− (λ1μ1 + λ2μ2)2
= 〈Xh1, Xh1 〉〈Xh2, Xh2 〉− 〈Xh1, Xh2 〉2,
B = λ2μ3λ2μ3 + λ3μ2λ3μ2 − λ2μ3λ3μ2 − λ3μ2λ2μ3
+ λ3μ1λ3μ1 + λ1μ3λ1μ3 − λ3μ1λ1μ3 − λ1μ3λ3μ1
= μ23
(
λ21 + λ22
)− 2λ3μ3(λ1μ1 + λ2μ2) + λ23(μ21 + μ22)
= −〈Xv2 , Xv2 〉〈Xh1, Xh1 〉+ 2〈Xv1 , Xv2 〉〈Xh1, Xh2 〉− 〈Xv1 , Xv1 〉〈Xh2, Xh2 〉.
On the other hand, we can use the bilinearity of 〈,〉 to expand the expression
Q (X1, X2) = 〈X1, X1〉〈X2, X2〉 − 〈X1, X2〉2
= 〈Xh1 + Xv1 , Xh1 + Xv1 〉〈Xh2 + Xv2 , Xh2 + Xv2 〉− 〈Xh1 + Xv1 , Xh2 + Xv2 〉2,
and we deduce
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If we add and subtract now B(κ + 3τ 2) in the right-hand side of (2.12), we obtain
〈
R¯(X1, X2)X1, X2
〉= A(κ + 3τ 2)− B(κ + 3τ 2)+ B(κ + 3τ 2)+ Bτ 2
= (A − B)(κ + 3τ 2)+ B(κ + 4τ 2)
= Q (X1, X2)
(
κ + 3τ 2)+ B(κ + 4τ 2). (2.13)
And, consequently, we have (2.11). 
Remark 6. If we consider the case of X1 being a horizontal unit spacelike vector ﬁeld orthogonal to X2, we realize that
B(X1, X2) and Q (X1, X2) can be written in a much simpler form. Then, the sectional curvature given by (2.11) is reduced
to
K¯ (X1, X2) = κ + 3τ 2 − 〈X
v
2 , X
v
2 〉
〈X2, X2〉
(
κ + 4τ 2). (2.14)
3. Flat tori in Lorentzian Killing submersions
Let Σ denote an immersed Lorentzian ﬂat torus in a three-dimensional Lorentzian Killing submersion M¯ . We denote by
N its unit normal vector ﬁeld in M¯ , and deﬁne the angle function ν of Σ as
ν := 〈N, ξ〉 ∈ C∞(Σ). (3.1)
Here, ξ is the timelike vertical unit Killing ﬁeld associated to the submersion π : M¯ → M with respect to which M¯ is a
Killing submersion.
Observe that if ∇ denotes the Levi-Civita connection of Σ , we get from (2.2) and (3.1) that
∇Xξ = (∇¯Xξ) = τν(X × N), (3.2)
for any X ∈X(Σ).
Remark 7. Note that, if ν ≡ 0, then, the differential d(π |Σ)p : T pΣ → Tπ(p)M has rank one for every p ∈ Σ . This condition
ensures that π(Σ) is a regular curve γ ⊂ M and, consequently, Σ is the Hopf torus π−1(γ ).
Our main theorem will be a direct consequence of the following result:
Theorem 8. Let Σ be an immersed Lorentzian ﬂat torus in a three-dimensional Lorentzian Killing submersion M¯ with constant bundle
curvature. Then,∫
Σ
ν4
(
κ + 4τ 2)= 0, (3.3)
where κ and τ denote, respectively, the base curvature and the bundle curvature of M¯, and ν is the angle function of Σ .
Proof. Let us deﬁne on Σ
Y := ξ = ξ − νN, (3.4)
and observe that 〈Y , Y 〉 = −(1+ ν2) < 0.
We recall now the classic Bochner formula, that is also valid in the case of Lorentzian manifolds (see [13] for instance):
for any X ∈X(Σ),∫
Σ
[
Ric(X, X) + Trace(A2X)− (Trace(AX ))2]= 0,
where AX :X(Σ) →X(Σ) is given by AX (U ) = −∇U X .
We are going to apply this formula to the vector ﬁeld Y given by (3.4). Since Σ is ﬂat, Ric(Y , Y ) vanishes, and so∫ [
Trace
(
A2Y
)− (Trace(AY ))2]= 0. (3.5)Σ
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2, we ﬁrst observe how the operators AY and A2Y act on a general
X ∈X(Σ):
AY (X) = −∇X Y = −
(∇¯X (ξ − νN)) = −∇Xξ + ν∇X N, (3.6)
A2Y (X) = AY
(
AY (X)
)= ∇∇X Y Y = (∇¯∇X ξ−ν∇X N(ξ − νN))
= ∇∇X ξ ξ − ν∇∇X Nξ − ν∇∇X ξN + ν2∇∇X NN
=: A1(X) + A2(X) + A3(X) + A4(X). (3.7)
Consider now local coordinates (x, y) on Σ such that 〈,〉 = dx2 − dy2 and {N, ∂x, ∂y} is orthonormal and positively
oriented in M¯ at each point (in this situation (2.1) is satisﬁed).
If we write the second fundamental form II of Σ with respect to the coordinates (x, y) as
II = e dx2 + 2 f dxdy + g dy2,
then the matrix of the operator AN = −∇N in the basis {∂x, ∂y} is
AN =
(
e f
− f −g
)
.
Using now (3.6), we obtain
Trace(AY ) =
〈
AY (∂x), ∂x
〉− 〈AY (∂y), ∂y 〉
= −〈∇∂xξ, ∂x〉 + ν〈∇∂x N, ∂x〉 + 〈∇∂y ξ, ∂y〉 − ν〈∇∂y N, ∂y〉
= ν(−e + g),
and consequently,
(
Trace(AY )
)2 = ν2(e2 − 2eg + g2). (3.8)
On the other hand, from (3.7) it is clear that
Trace
(
A2Y
)=
4∑
i=1
Trace(Ai).
To compute the traces of these operators Ai : X(Σ) → X(Σ), we use that Aξ := −∇ξ and AN := −∇N are respectively
skew-adjoint and self-adjoint (see [12]), and also Eq. (3.2):
Trace(A1) = 〈∇∇∂x ξ ξ, ∂x〉 − 〈∇∇∂y ξ ξ, ∂y〉
= −〈∇∂xξ,∇∂xξ〉 + 〈∇∂y ξ,∇∂y ξ〉
= τ 2ν2(−〈∂x × N, ∂x × N〉 + 〈∂y × N, ∂y × N〉)
= τ 2ν2(−〈∂y, ∂y〉 + 〈∂x, ∂x〉)
= 2τ 2ν2,
Trace(A2) = 〈−ν∇∇∂x Nξ, ∂x〉 − 〈−ν∇∇∂y Nξ, ∂y〉
= ν(〈∇∂xξ,∇∂x N〉 − 〈∇∂y ξ,∇∂y N〉)
= τν2(〈∂x × N,−e∂x + f ∂y〉 − 〈∂y × N,− f ∂x + g∂y〉)
= τν2(〈∂y,−e∂x + f ∂y〉 − 〈∂x,− f ∂x + g∂y〉)
= τν2( f 〈∂x, ∂x〉 + f 〈∂y, ∂y〉)
= 0.
Similarly, Trace(A3) = 0. Finally,
Trace(A4) =
〈
ν2∇∇∂x NN, ∂x
〉− 〈ν2∇∇∂y NN, ∂y 〉
= ν2(〈∇∂x N,∇∂x N〉 − 〈∇∂y N,∇∂y N〉)
= ν2(〈−e∂x + f ∂y,−e∂x + f ∂y〉 − 〈− f ∂x + g∂y,− f ∂x + g∂y〉)
= ν2(e2 − 2 f 2 + g2).
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Trace
(
A2Y
)− (Trace(AY ))2 = 2τ 2ν2 + 2ν2(eg − f 2),
and by (3.5),∫
Σ
ν2
(
τ 2 + eg − f 2)= 0. (3.9)
Since Σ is a ﬂat surface, the Gauss equation provides
0 = K¯ + Kext, (3.10)
where Kext = −eg + f 2 and K¯ represents the sectional curvature in M¯ of the plane tangent to Σ . To compute this term, we
consider X ∈ X(Σ) with 〈X, X〉 = 1 and 〈X, Y 〉 = 0 (this condition implies necessarily that X is horizontal). It is clear that
{Xp, Yp} generate T pΣ for any p ∈ Σ , and they are in the conditions of Remark 6. So, from (2.14), we get
K¯ = κ + 3τ 2 − 〈Y
v , Y v 〉
〈Y , Y 〉
(
κ + 4τ 2)
= κ + 3τ 2 − (1+ ν2)(κ + 4τ 2)
= −τ 2 − ν2(κ + 4τ 2).
That is, the Gauss equation (3.10) can be written as
eg − f 2 = −τ 2 − ν2(κ + 4τ 2).
Finally, if we replace in (3.9) eg − f 2 by the right-hand side of this equality, we obtain the desired formula (3.3). 
Proof of Theorem 3. It follows directly from Theorem 8 and Remark 7. 
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